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Problem Set on Unidimensional Inequality and Poverty Measures 

Instructor: Maria Emma Santos  

ANSWER KEY 

A) Paper-Based Problems: 

1. Order the distributions: 

X=(1,2,5,7,14)  Y=(2,2,2,3,8) 

Obtain the cumulative distribution function for each and draw the two cdfs in the same 

graph. 

Cdf of X, name it F(s): 

F(s)= 

0 if s<1 

1/5 if  1�s<2 

2/5 if 2�s<5 

3/5 if 5�s<7 

4/5 if 7�s<14 

1 if 14�s 

 

CDF of Y, name it G(s): 

0 if s<2 

3/5 if  2�s<3 

4/5 if 3�s<8 

1 if 8�s 

If you draw these cdfs (with s on the horizontal axis and F(s) and G(s) on the vertical one 

you can verify that they cross. Therefore there is now FSD. 

 

The Lorenz Curves for these two distributions are: 

p Lx(p) Ly(p) 
0.00 0.00 0.00 
0.20 0.03 0.12 
0.40 0.10 0.24 
0.60 0.28 0.35 
0.80 0.52 0.53 
1.00 1.00 1.00 
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Lorenz Cruves for X and Y

0.00

0.20

0.40

0.60

0.80

1.00

0.00 0.20 0.40 0.60 0.80 1.00

Cumulative % of population (p)

C
um

ul
at

iv
e 

%
 o

f I
nc

om
e 

L(
p) Lx(p)

Ly(p)

 
 

From the Lorenz curves we can say that distribution Y is less unequal than distribution X 

since the Lorenz curve of Y lies above the one of X. However, we can not say anything 

about SSD because these two distributions have different means. To be able to compare 

them in terms of SSD, we need to draw the Generalized Lorenz Curves. (Or check the 

area below each cdf). 

 

p Mu(x)*Lx(p) Mu(y)*Ly(p) 
0.00 0.00 0.00 
0.20 0.20 0.40 
0.40 0.60 0.80 
0.60 1.60 1.20 
0.80 3.00 1.80 
1.00 5.80 3.40 

 



 3 

Generalized Lorenz Curves
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We see that the Generalized Lorenz Curves cross. Therefore, there is no SSD between 

these two distributions. 

 

Doing the same for distributions M=(2,4,6,8) and S=(2,5,5,8) 

Cdf of M, name it F(s): 

F(s)= 

0 if s<2 

1/4 if  2�s<4 

2/4 if 4�s<6 

3/4 if 6�s<8 

1 if 8�s 

 

CDF of S, name it G(s): 

0 if s<2 

1/4 if  2�s<5 

3/4 if 5�s<8 

1 if 8�s 

If you graph these two distributions, you see that they cross. Therefore, there is no FSD. 

Because these two distributions have equal means, to check for SSD, we can draw the 

Lorenz curves (or also see the area below each cdf). 
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p Lm(p) Ls(p) 
0.00 0.00 0.00 
0.25 0.10 0.10 
0.50 0.30 0.35 
0.75 0.60 0.60 
1.00 1.00 1.00 

 

Lorenz Curves
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Because the Lorenz curve of s lies above the one of M and these two distributions have 

equal means, we can say that S Second Order Stochastically Dominates M. (It can also be 

easily seen that S can be obtained from M by a progressive transfer from the individual 

with income 6 to the one with income 4). 

 

b)  

Inequality Measure Distribution M Distribution S 

Range 6/5 6/5 

CV 0.44 0.42 

Theil 2 0.122 0.111 

 

The range says that the two distributions are equally unequal. The problem with this 

measure is that it does not consider the distribution between the two extreme incomes, and 

therefore it violates transfer. When we use Lorenz Consistent Measures, such as the Cv or 

the Theil 2 Index, obviously, both agree in that distribution S is more equal than distribution 

M, as was decided with the Lorenz Criterion. 
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c)  

Inequality Measure Distribution S Distribution L Distribution P 

CV 0.44 0.42 0.42 

Theil 2 0.122 0.116 0.092 

 

Note that both distributions L and P can be obtained from S by a progressive transfer of 1 

dollar. The only difference is that distribution L is obtained from S by a transfer at  the 

upper end of the distributions, whereas distribution P is obtained by the same amount of 

transfer but at the lower end of the distribution. Both the CV and the Theil 2 Index judge 

these changes in the distribution as inequality-reducing, since both measures satisfy the 

transfer axiom. The difference between the two is that the CV is not transfer-sensititve: that 

is, it does not matter in which part of the distribution a certain transfer takes place, it 

change the measure in the same amount. In this case, both, for L and P, it reduced the CV 

from 0.44 to 0.42. On the other hand, the Theil 2 Index is transfer-sensitive, and for a 

progressive transfer it reduces inequality more, if the transfer was at the lower end than at 

the upper end. That is the reason for which, it is reduced from 0.122 to 0.116 when the 

transfer takes place at the upper end, and it is reduced MORE (from 0.122 to 0.092) when 

the transfer takes place at the lower end of the distribution. 

 

e)  Ordered versions of the distributions 

M=(2,4,6,8)  L=(2,4,7,7)  T=(3,4,6,7) 

Distribution L can be obtained from distribution M by transferring 1 dollar from the person 

with income 8 (ranked with the highest income) to the one with income 6 (ranked with the 

second highest income). In this case there are no people in between them. Distribution T 

can be obtained from M by transferring 1 dollar from person with income 8 (ranked with the 

highest income)  to person with income 1 (ranked with the lowest income). Between them, 

there are two people. 

When we calculate the Ginis: 

Gini Coefficients: 

 2 4 6 8 
2 0 2 4 6 
4 2 0 2 4 
6 4 2 0 2 
8 6 4 2 0 
G(M)=[2*(2+2+2+4+4+6)]/(2*16*5)=0.25 
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Doing the same with the other distributions you get : 

G(L)=0.225 

G(T)=0.175 

We can see in both cases the Gini coefficient shows a reduction in inequality, since in both 

cases there were progressive transfers. However, the Gini is reduced more with 

distribution T because there were more people in between the two that made the transfer. 

This is to exemplify that the Gini coefficient exhibits a different type of sensitivity to 

transfers, which is that for a progressive transfer it decreases more the more number of 

people that were in between the two that made the transfer. This type of sensitivity is 

ranked-based, and not income-based. The absolute amount of income of the people 

involved in the transfer does not matter for the Gini, but their positions in the ranking. 

 

2) To do this exercise you need to calculate the overall Gini, the Gini within each 

distribution and the Gini between. 

Gini overall: 

 G(X,Y)=G(2,4,8,10) Applying the same calculation technique than before, you get 

G(X,y)=0.29 

Case in which the distributions overalp: X(2,8) Y=(4,10) 

G(X)=0.3 

G(Y)=0.21 

Weights for the Gini within: 

Wx=(�x/�)*(nx/n)^2 

Then: 

Wx=(5/6) (1/2)^2=0.21 

Wy=(7/6)*(1/2)^2=0.29 

Then G[W]=0.21*0.3+0.29*0.21=0.124 

 

Now for the Gini Between, we replace the income in each subgroup by the mean income of 

the subgroup, so: 

Smoothed X=(5,5) 

Smoothed Y=(7,7) 

Applying the same procedure as before: G[B]=0.083 
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Now G[W]+G[B]=0.124+0.083=0.207 This clearly does not add up to G(X,Y)=0.29 and it is 

because there is overlapping between the two distributions. Then, to balance the equation, 

we have that the residual term is R=G(X,Y)-{G[W}+G[B]}=0.0831 

 

If we repeat the exercise but with a different grouping, such as now: 

X=(2,4) and Y=(8,10), there is no overlapping between the two subgroups and you will find 

that: 

G(X)=0.16 

G(Y)=0.055 

Wx=0.125 

Wy=0.375 

Then G[W]=0.125*0.16+0.375*0.055=0.04 

And G[B]=0.25 

Then: G[W]+G[B]=0.04+0.25=0.29=G(X,Y) In this case the sum of the Gini within and the 

Gini between adds up to the overall Gini, because there is no overlapping between the two 

groups. R is zero in this case. 

 

 

The Lorenz Curve for this distribution is: 

0.00
0.10
0.20
0.30
0.40
0.50
0.60
0.70
0.80
0.90
1.00

0.00 0.20 0.40 0.60 0.80 1.00

p

L(
p) L(p)

Equal Distribution

 
You can divide the area below the Lorenz curve in triangles and rectangles and calculate 

the area of each, add them up. The area below the curve is equal to 0.352. Now, because 

the Lorenz curve is drawn in a square of 1x1, the overall area is 1, and the area between 

the diagonal and the horizontal and vertical axis is 0.5. Then 0.5-0.352=0.147, which is the 

area between the diagonal and the Lorenz Curve. So, the Gini(X,Y)=2*0.147=0.29. 
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3. Poverty Measures: z=10 

 X=(2,3,4,11) X’=(2,3,3,11) X’’=(3,3,3,11) 

IGR 0.7 0.73 0.7 

H 0.75 0.75 0.75 

FGT1 0.525 0.55 0.525 

FGT2 0.375 0.405 0.3675 

Watts 0.93 1 0.90 

CHU Beta=0.5 0.834 0.85 0.831 

Decomposable CHU 

Beta=-1 

1.95 2.16 1.75 

 

When the distribution changes from X to X’, there is a ‘decrement among the poor’ 

(individual with income 4 now has 3). Then, all measures satisfying monotonicity will show 

an increase: namely: all except for the H.  

When the distribution changes from X to X’’, there is a progressive transfer among the 

poor, and so, all measures satisfying transfer will show a decrease, namely: FGT2, Watts 

and both CHU. But IGR, H and FGT1 do not. 

To see the contribution of the first two people in X to overall decomposable CHU,  

recall that the decomposition formula in poverty is: 

P(X,Y)=(nx/n)P(X)+(ny/n)P(Y) 

Then, you need to calculate the measure for subgroup x=(2,3). 

CHUBeta=-1(2,3)=3.16 

The population weight is ½ in this case. 

And the contribution will be given by: 

C=[(nx/n)P(x)]/ P(x,y)=(0.5*3.16)/1.95=0.81 

This means that the first two people in the distribution contribute with 81% of 

overall poverty. 
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If C) Computer-Based Problems (Using Stata): 

See the attached do file for the commands 

C.1) Exercises on inequality 

Exercise 1: 

a) Urban areas have a higher mean, which is more than twice the mean of 

rural areas.   

b) Urban areas have a higher range than rural areas (19 vs. 12), so according 

to this measure we would say that urban areas are more unequal. However, 

this measure ignores all the rest of the distribution, violating transfer. 

c) Urban areas also have a higher variance, so if we used it as an inequality 

measure, we would say that it urban areas are more unequal.  

d) However, the problem is that the variance is mean-dependent (it violates 

scale invariance), and because urban areas have a higher mean, we get 

that they have a higher level of inequality.  

e) Instead of the variance, the coefficient of variation (or its squared) could be 

used, which is Lorenz consistent. Curban=0.71 < Crural=0.75, same with the 

squared coefficient of variation: SCurban=0.50<SCrural=0.57. 

Exercise 1: 

c) The value of the GL at p=1 is exactly the mean income, which is obviously 

coincident with the mean income we obtained from the summary statistics.  

d) Accordign to the GL curves, rural areas are more unequal. This is consistent 

with our conclusion from the coefficient of variation, and it will always be this way 

since the CV is a Lorenz Consistent Measure. Because of Shorrocks extension of 

Atkinson’s theorem, we can say that urban areas second order stochastically 

dominate rural areas. 

e) If the Lorenz curve is used, we would also conclude that rural areas have more 

inequality, but we can not conclude anything in terms of second order stochastic 

dominance because the means differ. The GL curve instead, provides the 

additional information of the mean: rural areas have a lower mean and are more 

unequal. 
�
�
�
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Exercise 4: 

We can not compare the distibutions of Haa and Trashiyangste in terms of 

inequality because the Lorenz curves cross (and they do it more than once). GL 

curves also cross, so we can not say anything about SSD. This is an example of 

how in some cases the Lorenz criterion remains silent: it is an incomplete ranking. 

This is when measures are used to decide in some way or the other. 

 

Exercise 5: 

a) Non-Lorenz Consistent: Relative Mean Deviation and the Standard 

Deviation of Logarithms. All the others are Lorenz-consistent. 

b) All the Lorenz consistent measures judge the rural areas to be more 

unequal than the urban ones. This was expected given Foster (1985)’s 

theorem: all Lorenz-consistent measures will rank two distributions in the 

same way as the Lorenz criterion. In this case the non-Lorenz consistent 

also rank them this way, but this is a coincidence. 

 

Exercise 6: 

These two districts could not be ranked according to the Lorenz criterion. Some 

measures rank Trashiyangste to be more unequal than Haa (Relative Mean 

deviation, Coefficient of Variation, Gini, T1 T2, GE with alfa=2, Atkinson with eps=2 

and eps=1.5), while others rank the opposite (standard Deviation of Log, GE 

alfa=1, Atkinson eps=1.5). When Lorenz can not decide, each measure decides its 

own way. 
�
�

Exercise 7: Verifying deocompositions. To calculate the measures between groups, 

at the end of the dofile there is the way to do it. DASP also contains 

decompositions commands for some Inequality Measures. 

Decomposition of T1 and T2: 

Population share urban=0.26 

Population share rural=0.74 

Mean income urban=3869 
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Mean income rural=1754 

Overall mean= 2309 

Theil 1 Total=0.26 

Theil 1 Rural=0.20 

Theil 1 Urban=0.18 

Theil Between= 

=[0.26*(3869/2309)*ln(3869/2309)+ 0.74*(1754/2309)*ln(1754/2309)]=0.07 

 

Verification: 

Wr=0.74*(1754/2309)=0.56 

Wu=0.26*(3869/2309)=0.44 

T1[B]+wrTr+wuTu=0.07+0.56*0.20+0.44*0.17=0.26 verified. 

 

Theil 2 Total=0.24 

Theil 2 Rural=0.18 

Theil 2 Urban=0.16 

In this case wu=0.26 and wr=0.74 

Theil 2 Between=0.26*ln(2309/3869)+0.74*ln(2309/1754)=0.07 

T2=0.07+0.26*0.16+0.74*0.18=0.24 verified 

 

 

Decomposition of Squared Coefficient of Variation: 

SCV total=0.77 

SCVrural=0.56 

SCVurban=0.50 

Wr=0.74*(1754/2309)^2=0.43 

Wu=0.26*(3869/2309)^2=0.73 

SCV Between=[0.26*(3869-2309)^2+0.74*(1754-2309)^2]*(1/2309)^2=0.16 

 

SCV=0.16+0.43*0.56+0.73*0.50=0.77 verified 

 



 12 

Decomposition of Gini Coefficient 

Gini Total=0.38 

Gini rural=0.33 

Gini urban=0.31 

Wr=(0.74^2)*(1754/2309)=0.42 

Wu=(0.26^2)*(3869/2309)=0.11 

 

Gini Between=0.17 

 

0.38=[0.42*0.33+0.11*0.31]+0.17+R 

R=0.0373 

Code para calcular todas las medidas between: 
clear 
set memory 256m 
use "C:\Documents and Settings\sabina\Desktop\Summer 
School\Half_Sample_Bhutan.dta" 
 
 
mean pce_real, over(area) 
matrix define MEAN=e(b) 
matrix list MEAN 
 
gen Mean=MEAN[1,1] 
replace Mean=MEAN[1,2] if area==2 
ainequal Mean, all 

 

ainequal Mean, all 
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C.1) Exercises on poverty 
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All measures judge rural areas to be poorer than urban ones. Codes for FGT0, FGT1 and 

FGT2: 

About Haa vs. Trashiyaste, we can see that Trayiyangste has a higher poverty incidence. 

However, when the depth of poverty is also considered (FGT1), we can see that it has a 

lower level of poverty than Haa, and the same happens when the distribution of income 

among the poor is also considered (FGT2). Note that the Income Gap Ratio considers Haa 

to  have higher poverty than Trashiyangste (opposite to H), because it is considering not 

only the number of the poor but also the depth of poverty. However, both measures do not 

satisfy transfer. 
�

2. Using the results from Exercise 1, verify the decomposability of the FGT2 
between rural and urban areas. You can do this by hand or using the DASP 
command, that it is at the end of the dofile. 
FGT2 total=0.02 
FGT2 urban=0.012 
FGT2rural=0.028 
 
FGT2=0.26*0.012+0.74*0.028=0.02 
3. Using the results from Exercise 1 from the whole sample, verify the expressions 
of the Sen and FGT2 indices when n tends o infinity. 
S=H[I+(1-I)Gp] 
FGT2=H[I^2+(1-I)^2C^2] 
 
H=0.23 
I=0.255 
FGT2=0.02 
S=0.08 
Gp=0.13 
Cp^2=0.05 
 
S=0.23*[0.25+(1-0.25)*0.13]=0.08 
FGT2=0.23[0.25^2+(0.75^2)*0.05]=0.02 
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To obtain the Squared Coefficient of Variation and the Gini among the poor: 
(You can also do it with DASP) 
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