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Introduction

The case for an assessment of poverty considering multiple deprivations has been well
argued for a long time.! While there is a broad consensus about the multidimensionality
of poverty, there is a debate as to whether the multiple indicators of deprivations should
be brought together into a composite index or not.2 On the other hand, it seems that a
composite measure of multiple deprivations is unavoidable when the purpose is to quan-
tify the incidence of multiple deprivations within the same individuals. In practice, one
of the approaches proposed to measure multidimensional poverty with a composite index
is the counting approach, which is based on counting the number of dimensions in which
people are deprived.®> The approach has gained recent popularity with the Alkire-Foster
(AF) family of poverty indices (Alkire and Foster, 2010). These indices identify the mul-
tidimensionally poor by counting the number of dimensions in which they are deprived.
First, deprivation in any particular dimension is determined by comparing the achievement
in that dimension against the respective dimension-specific poverty line. This is done for all
dimensions/variables and then the (weighted) number of deprivations is compared against
a multidimensional-deprivation cut-off.* By changing the cut-off from some minimum value
up to the total number of dimensions, the AF family can adopt identification criteria ranging
from the union to the intersection approach.”” ¢ The AF measures are a function of the
headcount of multidimensional poverty, and of the average number of deprivations suffered
by the poor (and the average poverty gaps for continuous variables). The intuitiveness and
easy applicability of their identification and aggregation methods are reflected in the recent
decision by the UNDP to estimate members of the AF family, including the adjusted head-
count ratio, M?, for the first time for 104 countries (See Alkire and Santos, 2010). This is
part of an ongoing trend of the AF measures being applied in poverty measurement as well
as in other fields unrelated to poverty measurement.”

An immediate concern with any composite index, like those of the AF family, is that
the orderings they produce, when comparing different groups, may not be robust to changes
in the index’s parameters.® For instance, in the case of the AF measures, changes in the
dimensions’ weights or poverty lines, as well as changes in the multidimensional cut-off, could
reverse the rankings of different countries or provide contradictory results when ascertaining

1See for instance, Sen (2001, chapter 4), and Sen (2009, chapter 12).

2Ravallion (2010), among others, discusses the pros and cons of each option.

3For a comparative discussion of approaches to measuring multidimensional poverty, see Atkinson (2003).
For a stochastic dominance approach to multidimensional poverty see Duclos et al. (2006, 2007).

4For instance, if considering 10 dimensions of wellbeing, a multidimensional deprivation cut-off of 5 means
that a person is considered multidimensionally poor if the person is deprived in 5 or more of the 10 dimensions.

% According to the union approach, any person deprived in at least one dimension is considered multidimen-
sionally poor. On the other extreme, the intersection approach demands considering as multidimensionally
poor only people who are deprived in every dimension.

6 A cut-off equal to 1 yields the union approach when all dimensions are weighted equally in the counting.
Otherwise this is not necessarily true. On the other hand, a cut-off equal to the minimum weight considered
always yields the union approach and vice versa.

"For instance, Batana (2008), Santos and Ura (2008), Alkire and Seth (2008), Battiston et al. (2009),
Foster et al. (2009), Azevedo and Robles (2009), Singh (2009), Trafton (2009) and Roche (2009).

8For a recent articulation of this concern see, for instance, Ravallion (2010).



the direction of changes in poverty over time. With these concerns in mind, Alkire and Foster
(2010) and Lasso de la Vega (2009) derived dominance conditions that, when fulfilled, ensure
the robustness of comparisons to changes in the value of the multidimensional cut-off. These
conditions, however, assume that weights and poverty lines remain fixed. But what if these
also move? This paper derives extended conditions that, when fulfilled, ensure the robustness
of comparisons to changes not just in the value of the multidimensional cut-off, but also to
changes in weights and dimension-specific poverty lines. The dominance conditions are based
on both the cumulative density functions and the survival functions, and combine results
from both Anderson (2008) and Alkire and Foster (2010).

First, the paper provides dominance conditions for the adjusted headcount ratio, M?°,
for applications with ordinal variables (e.g. as in Alkire and Santos (2010)). Then the
paper also provides first-order dominance conditions for the whole Alkire-Foster family when
all the variables are continuous.” The paper’s conditions work with bivariate distributions.
However, even though bivariate applications have also been popular in poverty and wellbeing
analysis (e.g. Atkinson and Bourguignon (1982), Duclos et al. (2006, 2007)), recent empirical
applications of the Alkire-Foster family, and other indices, consider more than two variables.
Do the paper’s conditions work in these circumstances? This question is answered with the
following two results: 1) Traditional stochastic dominance conditions based on multivariate
generalizations of Atkinson and Bourguignon (1982) are not applicable to the Alkire-Foster
family for most identification criteria when three or more variables are considered. 2) Only
when the poor are identified by extreme approaches, i.e. by either union or intersection,
the mentioned dominance conditions apply to the Alkire-Foster family for any number of
variables. In those cases, the dominance conditions depend only on the marginal distributions
(union approach) or only on the joint cumulative distributions (intersection approach).

The next section briefly presents a version of the stochastic dominance conditions already
derived by Alkire and Foster (2010) and Lasso de la Vega (2009) for the multidimensional
cut-off. It is followed by a section introducing the new conditions for the adjusted headcount
ratio. The subsequent section provides a first-order dominance condition for the whole Alkire-
Foster family with continuous variables. These two previous sections work with bivariate
distributions. Then the problem of applying traditional dominance conditions to three or
more variables is discussed in the next section. The subsequent two sections show the peculiar
cases of the union and the intersection approaches, respectively. The paper concludes with
some concluding remarks.

The stochastic dominance conditions of Alkire and Fos-
ter for the adjusted headcount ratio

Notation

Consider a matrix X, whose N rows have information on the attainments of N individuals.
Each column, therefore, hosts the distribution of each attainment across the population. The
number of columns/variables is D. A typical attainment element of the matrix is: z,4 (€ R),

YWith the exception of the adjusted headcount ratio, the members of the Alkire-Foster family are sensitive
to the gaps between the values of the variables and their specific poverty lines. Therefore these composite
indices are only suitable for continuous variables.



that is, the attainment of individual n in dimension/variable d.

The identification of the multidimensionally poor has two stages. In the first stage, the
poverty lines, specific to each variable, are denoted by 2z4;' and a person is deemed poor
in variable d if: x,4 < z4.In the second stage, the number of deprivations is computed,

D
weighting each deprivation with weights, wg, such that: wg € Ry A Zd wg = D. Then the

weighted number of deprivations suffered by individual n is: ¢, = 25:1 wal (24 > wpq) M

If ¢, > k, where k € ]R(T is a multidimensional poverty cut-off such that 0 < k < D, then
individual n is said, and identified, to be multidimensionally poor.
Now the multidimensional headcount can be defined:

H(X;k Z)= NZI (1)

Also the average number of deprivations of the multidimensionally poor in the same
period is defined:

A(X;k, Z) = 257\;;( i@; (2)

Finally the adjusted headcount ratio is:

M°(X;k,2)= H(X:;k,Z)A(X; k,Z) =

The conditions

Alkire and Foster (2010) derive a dominance condition that ensures the robustness of a
comparison based on H for all values of k.'? To derive the condition they construct a counting
vector in the population by defining the variable: a,, = D — ¢,,. Naturally, a,, € [0, D]. Then
the vector is a := (ay,...,ay). The first dominance result is the following:

a' =ppad — H < H Yk €0, D] (4)

where i and j denote two compared groups, and > ppmeans "(weakly) first-order stochas-
tically dominates". The proof is simple: a’ = p a’ implies that F* (D — k) < F' (D — k) Vk €
0, D] But notice that

— _NZ D—c,<D-—k) _NZ I (¢, > k)= H (k). Hence condi-

tion (4) follows. A Second result involving the adJusted headcount ratio, is the following:

(a' =pp @ «» H' < HI) — M* < MY Vk € [0, D] (5)

0From a vector of poverty lines, Z : (z1,...,2d,...,2D) -

17() is an indicator that takes the value of 1 if the expression in parenthesis is true. Otherwise it takes
the value of 0.

2Lasso de la Vega (2009) also shows that this condition is relevant for a whole family of poverty counting
measures.



The proof is straightforward for natural values of k, as Lasso de la Vega (2009) and Alkire
and Foster (2010) shows. Since I consider below values for k in the real line, I prove condition
(5) for continuous values of k, accordingly. The first step consists of writing M° (k) as a
function of multidimensional headcounts differentials:

D
MO (k) — % [H (D) D — / tdH (t)} (6)
k
D
Integrating / tdH (t) in (6), by parts, yields:
Jk

MO (k) = % [kH(k) + /k a0 dt} (7)

As is clear from (7), M° (k) is a linear combination of all the headcount ratios from k to
D. Hence H' < HVk € [0,D] — M® < M% Vk € [0, D]. These conditions establish the
robustness of the comparison using H and M for all values of the multidimensional cut-off,
k, but for a fixed set of weights and poverty lines. However, the comparison may or may not
be robust to changes in either w,y, Z, or both, that may alter the distributions of a. In the
next section, a dominance condition is derived for the bivariate case. Its fulfillment ensures
the robustness of comparisons to all weights, poverty lines and multidimensional cut-offs.

The extended conditions for the adjusted headcount ra-
tio for the bivariate case

An intuitive derivation

i

N ,
The fulfillment of the above dominance conditions requires that: 7 Z I(D—-¢c, <D-—k)<

J

5 Z:;l I(D~— ¢, <D—k)Vk € [0, D], where the superscripts 7 and j denote groups as
above. Notice that the cumulative functions, F' (D — k), bear the key characteristics that de-
fine the social welfare functions considered in the stochastic dominance literature. Both types
of functions are "additively separable and symmetric with respect to individuals"(Atkinson
and Bourguignon, 1982, p. 190). Moreover, they are both invariant to population repli-
cations.!® Therefore it is possible, in principle, to integrate (or sum) by parts and derive
conditions under which F*(D — k) < F/ (D — k) hold independently of poverty lines and
weights. In this analogy the role of the individual welfare function is played by the indicator
function: I (D — ¢, < D — k). Hence a first-order stochastic dominance condition for the
headcount ratio could be derived by summing by parts. But since these dominance results
are known,'* in this section the condition is derived intuitively for the case of two variables,
noticing the following two results that hold when all variables are ordinal:

13This property is implicit in the formulas of the social welfare functions considered by Atkinson and
Bourguignon (1982).
H4Qee, for example, Yalonetzky (2010) for the case of ordinal variables.



1. The derivative of the individual welfare function, I (wiI (1 < 2z1) + wol (3 < 29) > k),
with respect to a unitary change in 1, is the following difference function:

AT >
% = -1 (w2] (1’2 < ZQ) <kANx1> Zl) I (1’1 + Az < Zl) <8)
1

—I(r1 <z Ny 2 k)I(xy+Axy > 21) 1 (e, —wnl (z1 < 21) < k)

Expression (8), which is non-positive, states that a decrease in z; changes the indicator
function from 0 to 1 if the individual was both multidimensionally non-poor as well as non-
poor in dimension 1 (I (¢!, < kA xy > z1)) and if the decrease renders the individual poor
in dimension 1 and multidimensionally poor according to the cut-off value k. It also states
that an increase in x; changes the indicator functions from 1 to 0 if the individual was mul-
tidimensionally poor (according to k), as well as poor in dimension 1 (1 (¢!, > kA z; < z1))
and if the increase renders the individual non-poor in dimension 1 and multidimensionally
non-poor according to the cut-off value k. Otherwise no change on the indicator function is
produced. In either case, the difference function has a non-positive value (T x4 —| I , as it
were).

On the other hand, the cross-partial derivative,
or equal to zero:

A2 (c,>k)

Ao A, » CAll be either positive, negative

2
%:I(wl<k/\w2<k)—1(wl>k:/\w2>k;) (9)
Expression (9) indicates the circumstances under which the difference %fk) may
change from 0 to -1, and vice versa, when x5 changes. It also states the circumstances under
which the difference ratio %:fk) may change from 0 to -1, and vice versa, when z; changes.
The different signs that this cross-partial derivative can take reflect the different ways in
which the two variables may affect each other’s effect on multidimensional poverty. For
instance, when poverty identification follows the intersection approach (w; < k A wy < k),
then the impact of an increase in x; is eliminated by a previous increase in x if the per-
son was poor to begin with (expression (22) changes value from -1 to 0). This is a case of
ALEP substitution. > By contrast, when poverty identification follows the union approach
(wy > k A wg > k), the impact of an increase in x; is enhanced by a previous increase in zy
if the person was poor to begin with (expression (22) changes value from 0 to -1). The latter
is an example of ALEP complementarity, in which the cross-difference (9) is negative.

Now, in the bivariate stochastic dominance literature there are four well-established first-
order conditions, all of which are relevant to the Alkire-Foster family. They all stem from

the following equations:!'

For a definition of ALEP substitution and complementarity see Kannai (1980).

16The equivalent equations for ordinal variables are very similar. The cumulative and survival density
functions need to be replaced by cumulative and survival multinomial probabilities, plus some minor adjust-
ments. See Yalonetzky (2010).



T1 Z2
AW = —/ Ul (l’l,fg) AFl (l’l) dl’l — / U2 (Tl, 1’2) AFQ (1’2) dl’Q (10)
0 0

T1 T2
+/ / U12 <$1,$2) AFH (:El,.rg) d:vldxg
0 0

and:

T1 o ZT2 o
AW = / Ul (l’l,O) AFl (l’l)dl’l +/ U2 (O,l’g) AFQ (1’2) dl’g (11)
J0 0

+ / / U12 <$1,£U2) AF_12<$1,£U2) dwldxg
J0 J0

where Uy, is the derivative of an individual welfare function U with respect to vari-
able z4; AW = W' — W7, and W is a social welfare function; 77 is the maximum value
taken by variable z4, and Fj, F};, etc. are survival functions. A condition associated with
APy (1, 29) ,AF, AFy < OVzy,29 € [0,77] X [0,73], requires the cross-partial derivative
to be negative, i.e. the two variables must be ALEP substites. An alternative condi-
tion, associated with AFjs (z1,12), AF, AFy > 0Vay, 25 € [0,77] x [0, T3], requires the
cross-partial derivative to be positive, i.e. the variables must be ALEP complements. A
third condition stems from merging the first two distributional conditions. If these are
met simultaneously, then the comparison, AW, is robust for all individual welfare func-
tions U, characterized by weak increasing monotonicity with respect to each variable, that is
Uy (21,.),Us (22,.) > OV21, 22 € [0,77] X [0,T3]. The condition is stringent, but once fulfilled
it guarantees robustness for all increasingly monotonic functions irrespective of the sign of
their cross-partial derivative.

The first derivative of [ (cn > k:) is non-positive. Yet a society is better-off than another

one when its value for + Z (cn, > k) is the lower. Therefore the distributional condi-

tions related to (10) and (11) are also relevant for Z (¢n, > k). Since the cross-partial

derivatives of I (¢, > k) can take any sign, then only the thlrd bivariate condition applies.
The dominance condition then becomes:

Nt NI
1 l. ! |
ﬁ;f(c@k) < m;f@zzk), (12)
2
VE € [0,2]Vwg €ERLAD wy=2VZ
d=1
AFlg (l’l,l’g) ,AFl,AFQ < OVzq,29 € [O ] [O ZL’Q]
/\AE (.rl,iUg) ,AFI,AFZ > 0Vzq,29 € [0 ] [0 .rQ]

Combining (12) with (7) leads to the following condition:



N N7
1

(ﬁzf(cgzk) < WZI(cfZZkJ)VkE[OJ]; (13)

n=1 n=1

2
R+/\de:2;VZ<—>

Ywg €
d=1
AFyy (2, 29) , AF,AF, < O0Vxy, 25 € [0,77] X [0, 73]
/\AE (acl, SUQ) ,AFl, AFZ 2 OVSUl,.rQ i~ [0,.@_1] X [0,.@_2]
2
— M? < M)VE€[0,2];Vwg € Ry AD  wy=2VZ

d=1

Notice that the fulfillment of the distributional conditions of (13) imply (and are implied
by) dominance of society i over j on H (and on M°) for each and every admissible value of
k. The reason is that all the different variants of H generated by different values of k are
based on individual welfare functions (I (¢, > k)) belonging to the same family of functions
characterized by weak increasing monotonicity with respect to each of their arguments.
Notice also that (13) is sufficiently fulfilled if the conditions on the joint cumulative and
survival functions hold.

An illustration

The following is a simple example to show how these conditions work. Let there be two
variables, x and y, each taking only two values, e.g. x; and z5. Now consider the following
joint distributions for societies A, B and C:

1 Y2 1 Y2 Y1 Y2
A= z; 03 01; B= 2, 02 02;C= z; 02 0.15
zo 0.1 0.5 9 0.2 04 o 0.15 0.5

In this simple example, with two variables each with only two values, the only values ad-
missible for ¢,, which is compared to k, are ¢, = [w,, wy, w, +w,]. But each can be combined
with a total of four sets of variable-specific poverty lines: (z;, 2, = 1, v1) , (22, 2y = 1, Y2) ,

(22, 2y = T2, Y1) , (%, 2y = T2, y2). The last set is not interesting because in that case
clearly H* (k) = HP (k) = HC (k) = 1Vk € [wy, wy, w, + w,]. All the possible headcounts
for the three societies stemming from all the relevant combinations of poverty lines, multi-
dimensional cut-offs and weights are on Table 1.



Table 1: Multidimensional headcount ratios
Values of ¢, wy vsw, 2,2, HA HP H¢

Wy wy >w, x1,y1 0.4 04 035
Wy wy <w, x1,y1 05 06 0.5
Wy wy >w, x1,% 04 04 035
Wy, Wy S Wy T, Yo 1 1 1
Wy T2, Y1 1 1 1
Wy wy >w, x,y1 0.4 04 0.35
Wy wy <w, x,y1 0.5 0.6 0.5
Wy T1, Y2 1 1 1
wy wy > w, x2,y1 0.4 04 035
Wy Wy < Wy T, Y1 1 1 1
Wy + Wy i,y 03 02 0.2
Wy + Wy r,2 04 04 0.35
Wy + Wy ro,y17 04 04 0.35

Notice that for all possible combinations of parameters: H¢ < H* Vi = A, B. However
the ranking between A and B depends on specific choices of parameters. For instance, with
an intersection approach and poverty lines z,,z, = 1,41 : H 4 > HPB: whereas with a
union approach and the same poverty lines: H4 < HB 17 Checking out the cumulative and
survival functions brings out the explanation as to why C dominates A and B, why there is
no dominance between A and B, and why A fares better than B with a union approach, but
not with an intersection approach. The cumulative and survival functions are the following;:

o Y2 o Y2 1 Y2

F4Y = 2, 03 04;: F8= 2, 02 04; F = 21 02 035
zo 04 1 zo 04 1 re 035 1

—a U1 Y2 5 U1 Y2 o Y1 Y2
F = z 1 06;F =2 1 06;F = 2; 1 0.65
o 0.6 0.5 re 0.6 04 e 0.65 0.5

Notice that the cumulative probabilities of C are never above those of A or B. Therefore
in general, C cannot be poorer than A or B when the headcounts are based on identifications
that involve different forms of intersections between the variables. Moreover, the survival
probabilities of C are never below those of A and B. This means that for any selection of
poverty lines, weights and multidimensional cut-offs, C has at least as many people as A or B
who are above those thresholds, i.e. they are better-off. In other words, when the headcounts
are based on identifications that involve different forms of unions between variables, C is never
worse-off vis-a-vis A or B. Meanwhile, B’s cumulative probabilities are never above those of
A’s, while A’s survival probabilities are never below those of B. Hence there is no dominance
relationship on the headcount (and hence on the adjusted headcount ratio) between the two
societies. Their pairwise ranking depends on the identification approach chosen. A fares

"In this case, whether H4 < HP or H* = HP depends on the relationship between w, and w,,.

9



better than B with union approaches, because its survival probabilities are higher, whereas
B fares better than A with intersection approaches because its cumulative probabilities are
lower.

As the example shows, probing the stochastic dominance conditions is tantamount to
testing the robustness of a pairwise ranking, based on a multidimensional headcount, to all
possible alternatives of weights, variable-specific poverty lines and multidimensional cut-offs.

A first-order stochastic dominance condition for the gen-
eral Alkire-Foster family using continuous variables

The general family of Alkire-Foster measures is composed of different ways of averaging
normalized deprivation gaps across people and variables, each way raising the deprivation
gaps to a different power stemming from the set of non-negative real numbers:

M“’(X;k:,Z)E%i[(C”Zk) (i% {Zd;—dxnd}

n=1 d=1

(97

) Va € Ry, (14)
+

where, for a value y, [y], = yI (y > 0). Notice that when oo = 0: M° = Loy [en2h)en ID(]C\’;EIC)C", as
in (3).

M*® can now be regarded as a social welfare function, like W, and the respective individ-

ual welfare function, U, is: I (¢, > k) ZdDzl - [zd'z—:nd} . In the bivariate case, for the
+

derivation of a first-order dominance condition, it suffices to look at U; and the cross-partial
derivative, as in the previous section. Moreover, if it is found that Uy can take any sign,
then the first-order dominance condition for the Alkire-Foster family of measures depends
also on both the cumulative density and survival functions.

The partial derivative of I (¢, > k) (Zc?:l e [% ) with respect to x; is:
I+

dI (c, > k) (Zfl ) [—K) _ (Z wy [2a— xndr) dI (¢, > k) (15)
D 24 da,

d=1 - +
D wy | zg—n «
d (Zd:l fd [dT,i(l}Jr)
I(c, >k )
+ <C - ) d$t
where:
dI (¢, > k
% = —I(cn<kAxy>z)I(cn+wl (zp —day < z) > k) oo (16)
Tt
—I(cfl >kAx < zt)I(cfl—th(:ct—l—davt > z) < k) 0.
That is, %ﬂfk) = 0, if an infinitesimal change, dz;, does not change the individual’s
multidimensional poverty (or non-poverty) status. Otherwise %;k) = —o0. Also:

10



(a2
d D wy | za—Tng
d=1 D Zd pa—
+ Wy |:Zt Tnt

a—1
I nt) - 1
d$t th :| (Zt > t) ( 7)

2t

(a3
. . . . . . D _
That is, an infinitesimal increase in , decreases the sum of censored gaps ) ,_; 7 [—Zd x"d}

Zd +
wy [zg—= &
(Zd 1 Dd[ dszLd]+) 0
dact - .

it z; > ;. Otherwise:
L . drtenzi) (£, 3 [45504]')
Considering (16) and (17) it is clear that: T £ < 0 and that a
society is better off the lower M® is. Therefore, as in the previous section, the distributional
conditions associated with (10) and (11) are also relevant for M, in the bivariate case. The
simplest cross-partial derivative is:

d2< 521%[—”23"‘{)
>k
> k) dzidz,

o B )]
d=1 D zq + o

d2
From (16) it is clear that dI(C">k) < 0. It is also clear from (17) that ( Tode
0. Hence the fourth element of ‘the right-hand side of (18) is equal to zero, and both the
third and the second element are non-negative. The first element, however, can take any

sign because it is the product of a non-negative sub-element, (Zgl i [%} ), and
+

d?I(cn >k . . d?1(cp>k) - o . . .
ﬁ. In the bivariate case, ﬁ is very similar to the ordinal-variables formulation
S

in (9),5 with the difference that, on the right-hand side, Ax needs to be replaced with dz and

Elenzk) _ 5y )V 0o,

the whole right-hand side must be multiplied by co. Therefore: Torde

1 (cn2k) (zd )5 [%]a)
Consequently also Torda = —co VOV co.

Since the cross-partial derivative can take any sign, the reasoning of the previous section
leads to the conclusion that the first-order stochastic dominance condition for M* Va € N,
is very similar to the one for the multidimensional headcount and ordinal variables, i.e. (12):
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M (X3k,Z) < M;(X:k, Z)VE € [0,2], (19)

2
RiVwg € Ry A wy = 2;VZ &

Va €
d=1
AFH (:vl,avg) ,AFl,AFQ < OV:Ul,xg € [0,_1] X [O,SU_Q]
/\AF_12 (1’1,1’2),AF1,AF2 2 OVZL’l,l’Q S [O,ZL’_Q] X [O,I_Q]

According to condition (19), multidimensional poverty in society i is never higher than
in j, as measured by any member of the Alkire-Foster family in the bivariate case, if and
only if the joint cumulative density function of ¢ is never above that of j, and the joint
survival function of 7 is never below that of j, for all choices of specific poverty lines, weights,
multidimensional poverty cut-offs and values for the o parameters.

The problem with three or more variables

The above results cannot be extended to the case of three or more variables, unless inden-
tification of the poor is undertaken either using the intersection or the union approach. In
this section, I show why the results cannot be extended to several variables and intermediate
identification approaches. In the next two sections I show why and how the approach is
applicable to any multivariate distribution as long as the extreme identification approaches
are considered.

The reason why the results are not applicable to cases of three, or more, variables (save
the two mentioned expections) is that with more than two variables, the multivariate- version
of (10) and (11), for first-order dominance conditions, require checking the signs of all cross-
partial derivatives involving all combinations of variables (i.e. including three and more
variables). Existing multivariate conditions that work on cumulative and survival functions
can handle any sign of cross-partial derivatives involving even numbers of variables. However,
for odd numbers of variables (e.g. 1, 3, 5, etc.) the conditions only apply to non-negative
cross-partial derivatives (or non-positive, in the case of poverty functions). This is clear by
examining the multivariate versions of (10) and (11):!8

18The equivalent equations for ordinal variables are very similar. The cumulative and survival density
functions need to be replaced by cumulative and survival multinomial probabilities, plus some minor adjust-
ments. See Yalonetzky (2010).
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where the notation is the same as in (10) and (11)." A condition associated with

AF (x1,...,2p), ..., AFuq (g, xs,x¢) ... AFy < OVxq,...,zp € [0,77| X...[0,Tp], requires
that the cross-partial derivatives alternate signs starting w1th Ug(xq, ... 7$S7£d) > 0, followed
by Ugs (Ta, Ts, - - -, Tezas) < 0, and so on until Uy p < 0 if D is an even number, or U;_p > 0

otherwise. An alternative condition, associated with AF (x1,...,2p), ..., Al (24, T, 1) , - -

OVzy,...,xp € [0,77] X ... [0,ZTp], requires that all cross-partial derivatives be non-negative.
A third condition stems from the merger of the first two distributional conditions. If
the two first conditions are met, then the comparison, AW, is robust for all individual
welfare functions U, characterized by weak increasing monotonicity with respect to each
variable, (Uy (x4, ...,Tszq) > 0Vd) and by positively (or zero) signed cross-partial deriv-
atives for odd numbers of variables. Hence, for the conditions stemming from (20) and
(21) to be suitable for the derivation of multivariate versions of (12) and (19), it is nec-
essary that the odd cross-partial derivatives of both I (¢, > k) (in the ordinal case) and

I(c, > k) ( b “ [zd'z—f"d} +) (in the continuous case) be non-positive (because it is a

9The result (20) has been shown by Crawford (2005), although it was alluded to Hadar and Russell (1974).
The result (21) is a simple multidimensional extension of the three dimensional derivation by Anderson

(2008).
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poverty function). By examining the simplest cross-partial derivatives it is easy to realize
that the conditions are not suitable. First, the multivariate equivalent of (8), i.e. the partial
derivative is non-positive:

Al (¢, > k)
\n =" _ 22
A:Ed ( )
—1(ecn <kNzg>24)1(cnh+ wil (xg— Axg < 24) > k)

—I(cn =2 kNxg < zg)l(cp—wal (xg+ Axg > z4) < k)

The derivative (22) does not pose any problem. The multivariate equivalent of (9) is
more complicated (because it depends not just on the two differentiation variables). It can
also take any sign:

AL (e, > k)
 AzgAz,
= T(ch<kANxg>zaghag > z5) L (cn+wal (xg+ Axg < 2g) <k Ny +wsl (s + Az <

I(cn+ wal (xg+ Axg < 2q) + wsl (x5 + Axg < 25) > k)

+(cpn <kNxzg>2zg Nxg < 25) I (Cf +wal (xg + Azg < 24) > k)

I(cp+ wel (xg+ Axg < 2q) — wsl (s + Axg > 24) < k)

Hl(cn <kNwzg<zgNasg>2z)I (e +wsl (xs + Axs < 25) > k)

I(cp —wal (xg+ Azg > 24) + wsl (x5 + Azg < z4) < k)

(23)
zs) < k)

—I(chn 2 kNxg<zgNhag<zg)l(cy,—wgl (xg+ Dxg > 2q) > kAN, —wsl (x5 + Axg > z4) > k)

I(cn —wal (xg+ Axg > 2q) —wsl (s + Axg > 25) < k)
I (cpn > kNxg<zgNhaxs>zs)I (e —wal (xg+ Axg > 24) < k)
I(cpn —wal (xg+ Axg > 2q) + wsl (x5 + Axs < 25) > k)
I (cpn 2 kNxg>zgNxs < 25) I (¢ — wsl (T + Ay > 25) < k)

I(ch+wal (xg+ Azg < 24) — wsl (x5 4+ Azg > 25) > k)
With some further manipulation one can show that % can also take any sign (not
just non-positive). Hence neither (20) nor (21) provide suitable dominance conditions for the

D

class of poverty functions based on I (¢,, > k) . Likewise, in the case of I (¢, > k) (25:1 2 [%} a)
+

the cross-partial derivative involving three variables is:
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&3 (¢, > k) (Z?l ) [%r)

) _ i Wq [ 24 — Tna “N &I (c, > k) (24)
dridxdx, = D 24 L) dvdrdr,
PI(c, > k) w, [z — Ty ol
- — ] I r nr
dzidz, aDzr | 2 ] (2 > Zur)

A2 (cn 2 k) wy [z — mps]™"
- — I S > ns
dxdx, aDzS Ze (25 > ns)

dI? (e, > k)  wy [z — T ol
— = ' I > T,
dzgdz, ath L & (2> )

. o . C e d31(c,>k
Since any of the three pairwise cross-partial derivatives in (24), as well as ﬁ, can
S s

take any sign, then already the odd cross-partial derivative with three variables can also take
any sign. Hence the aforementioned dominance conditions are not applicable to the Alkire-
Foster measures when more than two variables are considered together with indentification
approaches different from either intersection or union. The next sections explain why similar
conditions are suitable for the two extreme forms of identification.

The peculiar case of the union approach

The following is an interesting result among members of the Alkire-Foster family:

M* (X;min{wg}, Z) = M*(X;0,Z)Va € Rf. That is, the measurement of poverty
using the Alkire-Foster family under the union approach (i.e. considering as multidimen-
sionally poor anybody who is poor in at least one variable) is equal to the weighted average
of all specific poverty gaps across the population:

N D o
1 Wy | 2d — Tnd
M*(X;0,72) = — — {—} VQER(J{. (25)
N n=1 ; D ~d +
Now notice that:
D wq | za—Tnd ¢ o
dY g1 B [ Za }+ o [ aw 1 )
dx, Dz <7
D w 2d—Tp «
d2 dzlfd[dzd d:|+
=0
dxidx,

That is, the cross-partial derivatives are all equal to zero. In this situation a first-order
dominance condition can be derived without recourse to either the joint cumulative density
or the joint survival functions. Only the marginal distributions matter. In other words, the
way the variables are associated in the compared populations is irrelevant for the dominance
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conditions.?” Considering (20) and (21), a first-order dominance condition for M (X;0, Z)
is:

M (X;0,7) < M2(X;0,7),Va € RE (27)

D
Ywg € R+/\de:D;VZ<—+AFd§OVx1,...,$D € [0,71] x ...[0,Zp]
d=1

Finally, since M (X;min{wg}, Z) = M* (X;0,Z)Va € N, then condition (27) applies
to M* (X;min{wg}, 7). Thus, conditions from (20) and (21) are applicable to the union
approach. One just needs to set all the cross-partial derivatives equal to zero and notice that
it does not make a difference to use the univariate cumulative distributions or the univari-
ate survival functions. The first-order dominance condition requires testing for first-order
dominance over each variable separately and declaring dominance only when one society
dominates another one in each and every variable, independently.

The multidimensional headcount

In the case of the multidimensional headcount, a similar condition ensues, because notice
that the cross-partial derivatives of I (¢, > k) are also zero for the union approach. In this
approach, I (¢, > k) =1 (¢, > min{wg}) = I (3s | z,s < 25) . Hence, in the ordinal case:

AT (s | wps < 25)
Ax,

=1 (Tps > 25) [ (Tps + Axg < z5) — I (s < 25) I (s + Axg > 24)

(28)
2
Then, clearly, %ﬁ@fz&) = 0, and so all the other cross-partial derivatives are equal to

zero.”! Hence, using (20) (or (21)) the following condition is derived for the multidimensional
headcount, using the union approach:

1 Nt A 1 NI -
N ;I (¢}, > min{wq}) < N7 ;I (¢} > min{wqa}) , (29)

D
Vwg € Ry A wg=DiVZ = AF;(z4) < 0Vzy € [0,7]
d=1

The peculiar case of the intersection approach

In the case of the intersection approach: I (¢, = D) = I (Vs : x5 < zs) . Then, in the ordinal
case:

20This is, by the way, the key feature of the fourth first-order dominance condition that can be derived for
D variables; namely, ALEP neutrality.

2Tn the continuous case the differences, A, in (28) are replaced by differential numbers, e.g. dz,,, and
the right-hand side is multiplied by oc.
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AL (Vs Tps < 25)
Ax,

= —I(VMt#s:xp <2z) (30)
I (zps > 25) I (Tps + Axg < 25) + 1 (Tps < 25) I (Tps + Az > z4)]

AT? (Vs : Tps < 25)
Az Az,

I (Mt #£ 8,7 Tpy < 2) (31)

I (zpr > 20) I (2 + Az < 2) + I (2 < 20) I (2 + Az > 2,)]

I (zps > 25) I (ps + Dwg < 25) + 1 (Tps < 25) I (X5 + Az > 24)]
By differentiating % further with respect to the remaining variables it is easy
to spot the pattern Wherebsy, in the intersection approach, the cross-partial differences al-
ternate signs. The odd derivatives have non-positive signs and the even derivatives have
non-negative signs. Hence the poverty-function equivalent of condition (20) applies to the
multidimensional headcount under the intersection approach.The following condition is de-
rived:

Nt NI D
1 ’ 1 .
WZI(C;ZD) < mZf(cgl:D),dee]RMde:D;vz (32)
n=1 n=1 d=1
> AFLM,D (1’1,...,$D),...,AFd (l’d) S OV$1,...,$D c [O,l’_l] X O,E]

Notice that for (32) to be fulfilled it suffices to show that AFy _p(x1,...,2p) < 0
Vay,...,xp € [0,7T7| X...0,7Zp| holds. Combining (32) with (7) yields the following condition
for the adjusted headcount ratio under the intersection approach:

AFl ,,,,, D(wl,...,mD),...,AFd(avd) < Ov.rl,...,.rp & [0,$_1] X O,E]

D
— M (X;D,Z) < M} (X;D,Z);Vwg € Ry A wy=D;VZ

d=1
The AF measures for continuous variables
In the case of AF indices for continuous variables:
1 < DowiT2q—2,.41%
M (X:D.Z)=—> I(Vs:a,, < 2 Az Tnd gy € RY 33
(XD.2) =S d e <)Y [ v R @

o

The partial and the pairwise cross-partial derivatives of I (Vs : 2,5 < 25) 5:1 = [%}

' +
are in (15) and (18), respectively. When ¢!, = D, (15) is non-positive and (18) is non-negative,
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dI(cn=D) - fs d?I(cp>k
dl(en=D) i non-positive and TL=k)
dId dxidxs

cause it has the same sign as (31).?> Then cross-partial derivatives involving more variables
alternate sign. Odd cross-partial derivatives, like %, are non-positive and even deriv-
atives are non-negative. Hence the poverty-function equivalent of condition (20) applies to
the whole Alkire-Foster family for continuous variables under the intersection approach. The

following condition ensues:

because is non-negative. The latter is non-negative be-

D

MP (X;D,Z) < M{(X;D,Z) VaeRVug € Ri N> wy=D;VZ (34)
d=1

N AFlmD(xl,...,xD),...,AFd(xd)gOVgcl,...,xDe[O,ac_l]x...O,E]

Notice that for (34) to be fulfilled it suffices to show that AFy _p(x1,...,2p) < 0
Vay,...,xp € [0,77] X ...0,7Tp| holds.

Concluding remarks

This paper builds on the work of Alkire and Foster (2010) and Lasso de la Vega (2009) in
order to derive, first, a first-order stochastic dominance conditions for poverty comparisons
using the multidimensional headcount ratio, in applications with two ordinal variables. When
fulfilled, these conditions ensure that the poverty comparison is robust to any poverty line,
any weighting of the variables and any choice of the multidimensional cut-off. Secondly, the
paper shows that similar conditions exist for the whole family of AF mesures, i.e. including
those measures that work with continuous variables. The conditions are stringent, but they
provide the maximum degree of robustness in poverty comparisons using these measures.

When three or more variables are considered, the traditional dominance conditions used
in this paper are not appropriate for poverty counting measures of the AF family, except when
extreme poverty identification approaches are considered. The reason is that the conditions
do not contemplate the possibility that certain cross-partial derivatives may take different
signs, specifically, those that stem from differentiating the individual poverty function with
respect to an odd number of variables. For intermediate identification approaches, the odd
cross-partial derivatives of the AF family can take any sign. Hence traditional dominance
conditions are not applicable.

However, for the extreme identification approaches, this paper shows that there are suit-
able dominance conditions for any number of variables. In the case of the union approach,
a country whose marginal distributions first-order dominate will not exhibit higher poverty
measured by any index of the AF family, including the multidimensional headcount ratio.
For the union approach, the joint distribution of variables is not necessary when testing for
first-order dominance. In the case of the intersection approach, a country whose cumulative
joint and marginal distributions first-order dominate will not exhibit higher poverty accord-
ing to any of the AF measures, including the headcount. In this particular case, dominance

AIZ(Vs:x7L5<z5) and d2I(Vs:z7w<z5)

Ao An Toidas the differential numbers and the oo in the

22The difference are between
latter’s formula.
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over the joint distribution of all the variables involved suffices to ensure the full robustness
of the poverty comparison to changes in any of the parameters of the AF measures, including
the choice of family member (the value of «).

What’s left for poverty comparisons using AF measures, intermediate identification ap-
proaches and several variables? In these circumstances, traditional dominance conditions
cannot ascertain robustness when fulfilled. However, by looking at (20) or (21), it is clear
that when they are not fulfilled (e.g. the joint cumulative or survival distributions cross),
ordinal poverty comparisons with the AF family, are not robust. Since one would ideally also
want conditions that ensure robustness, the latter assessment is not very satisfactory. Hence
pending research should explore alternative robustness criteria for ordinal poverty compar-
isons with counting measures like the AF family, beyond the traditional tools developed since
the seminal contribution of Atkinson and Bourguignon (1982).

19



References

Alkire, S. and J. Foster (2011). Counting and multidimensional poverty measurement. Journal of Public
Economics. 95(6-7), 476—487.

Alkire, S. and M. E. Santos (2010). Acute multidimensional poverty: A new index for
developing countries. OPHI Working Paper 38.

Alkire, S. and S. Seth (2008). Measuring multidimensional poverty in India: a new proposal.
OPHI Working Paper 15.

Anderson, G. (2008). The empirical assessment of multidimensional welfare, inequality and
poverty: sample weighted multivariate generalizations of the Kolmogorov-Smirnov two
sample test for stochastic dominance. Journal of Econonric Inequality 6(1), 73—87.

Atkinson, A. (2003). Multidimensional deprivation: contrasting social welfare and counting
approaches. Journal of Economic Inequality 1(1), 51-65.

Atkinson, A. and F. Bourguignon (1982). The comparison of multi-dimensioned distributions
of economic status. Review of Economic Studies 49(2), 183-201.

Azevedo, V. and M. Robles (2009). Multidimensional targeting: identifying beneficiaries of
poverty reduction programs. Manuscript.

Batana, Y. (2008). Multidimensional measurement of poverty in Sub-Saharan Africa. OPHI
Working Paper 13.

Battiston, D., G. Cruces, L. F. Lopez-Calva, M. A. Lugo, and M. E. Santos (2009). Income and
beyond: multidimensional poverty in six Latin American countries. OPHI Working Paper 17.

Crawford, 1. (2005). A nonparametric test of stochastic dominance in multivariate distributions.
Manuscript.

Duclos, J.-Y., D. Sahn, and S. Younger (2006). Robust multidimensional poverty comparisons. The
Economic Jonrnal 116(514), 943—68.

Duclos, J.-Y., D. Sahn, and S. Younger (2007). Robust multidimensional poverty comparisons with
discrete indicators of well-being, in Inequality and Poverty Re-examined, ed. S. Jenkins.
185-208. Oxford University Press.

EUROSTAT (2007). Description of SILC user database variables: Cross-sectional and longitudinal.
European Commission.

Foster, J., A. Horowitz, and F. Mendez (2009). An axiomatic approach to the measurement
of corruption. OPHI Working Paper 29.



Hadar, J. and W. Russell (1974). Stochastic dominance in choice under uncertainty, in Essays on
Economic Behaviour Under Uncertainty, eds. M.S. Balch, D.L. McFadden, and S. Y. Wu. North-
Holland.

Kannai, Y. (1980). The ALEP definition of complementarity and least concave utility functions.
Journal of Economic Theory 22(1), 115-7.

Lasso de la Vega, C. (2009). Counting poverty orderings and deprivation curves. ECINEQ
2009-150.

Ravallion, M. (2010). Mashup indices of development. Policy Research Working Paper 5432.

Roche, J. M. (2009). Child poverty measurement: an assessment of methods and an application to
Bangladesh. Manuscript.

Santos, M. E. and K. Ura (2008). Multidimensional poverty in Bhutan: estimates and policy
implications. OPHI Working Paper 14.

Sen, A. (2001). Development as Freedom. Oxtord University Press.

Sen, A. (2009). The Idea of Justice. Allen Lane.

Singh, S. (2009). Towards a multidimensional measure of governance. Manuscript.
Trafton, T. (2009). Multidimensional social outcome measurement. Manuscript.

Yalonetzky, G. (2010). Stochastic dominance for ordinal variables: conditions and a test.
Forthcoming in Econometric Reviews.



