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Robustness of rankings generated by the AF measures
(including the MPI)

The positions generated by AF measures may be sensitive to
changes in the measure's key parameters, specifically:

The poverty lines of each variable (i.e. the "first” cut-off): z,.
The weights on each variable/dimension: wy.

The threshold that the weighted sum of deprivations need to
surpass in order to identify someone as (multidimensionally)
poor (i.e. the "second” cut-off): k.
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Statistical tools for the evaluation of robustness of
rankings for the AF measures

There are, in principle, two approaches to evaluating the
robustness of AF measures to changes in their key parameters:

To "fix" all parameter values and check the sensitivity to
changes in a set of parameters.
Example: Batana (2008) fixes weights and poverty lines and
checks the sensitivity of the rankings to changes in k.
Another one: Alkire y Foster (2009) y Lasso de la Vega (2009)
derive dominance conditions over k keeping weights and
poverty lines fixed.

To derive conditions under which an ordering is robust for all
lines, weights and multidimensional cut-offs.
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Statistical tools for the evaluation of robustness of
rankings for the AF measures

In this presentation we are going to review:

Stochastic dominance conditions for H and M° that ensure

robustness for all multidimensional thresholds, weights and
lines.

Some basic robustness tests (applied to weights).
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LSLochasUc dominance conditions for H and MO

The counting vector: key ingredient for the dominance
conditions of H and MO

For person n we define D — ¢,, where:

D

Ch = Z wyl(Xig < zq4)

d=1

We then consider a distribution of deprivations, D — c, in the
population, with values ranging from 0 (poor in every variable) to
D (non-poor in every variable). A typical cumulative distribution is:
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The dominance condition over k

The key results are the following:
FA(D—c) < FB(D—c)¥(D—c) € [0, D] +» HA < HBY(D—c) € [0, D]

HA < HBY(D — ¢) € [0, D] - MA < MBY(D — ¢) € [0, D]
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LSLochasUc dominance conditions for H and MO

Proof, as explained by Alkire and Foster

Notice that MO can be expressed in terms of H the following way:
Mo(k )f—[H )D + ZJ[H HG + 1))

Simplifying that expression yields the following result:

D
MO(k) = 51 HU) + kH(K)

Jj=k+1

Therefore: HA(k) < HB(k)Vk € [1, D] — MA(k) < MB(k)Vk € [1, D]
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LSLochasUc dominance conditions for H and MO

More dominance results: incorporating weights and poverty
lines

We just saw that MA(k) < MB(k)Vk € [1, D] holds if:
HA(k) < HB(k)Vk € [1, D]

Are there conditions under which HA(k) < HB(k)¥k € [1, D] for
any vector of weights and poverty lines?

Yes, but so far we know of their existence only on two restrictive
situations:

When there are only two variables.

For any number of variables under extreme identification
approaches (union and intersection).
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LSLochasUc dominance conditions for H and MO

More dominance results: incorporating weights and poverty
lines

When there are only two variables the conditions are:
ﬁ(XaY) > ﬁ(x,y)V(X,y) S [Xmim Xmax] X [}/miny}/max]

FA(Xa)/) < FB(X,Y)V(X7Y) € [XminaXmax] X [}/min,)/max]
When there are several variables and the poor are identified
according to the union approach:

M3 (X; min(wg); Z) < M&(X; min(wg); Z)Va € R§

D
Ywg € RY [ wy = 1,YZ & FJ{(xq) < FF(xa)Vx1, ..., xp
d=1
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More dominance results: incorporating weights and poverty
lines

When there are several variables and the poor are identified
according to the intersection approach:

M%(X; D; Z) < Mg(X; D; Z)Va € R§

D
Ywg ERT D wy=1,VZ ¢
d=1

FA(Xl, vy Xp) < FB(Xl, ey XD)VX1, ooy XD
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yr Yy yi n Y2
A= xx 03 0.1 B= xx 02 02 C= xx 02 0.15
x> 0.1 0.5 x> 02 04 x> 0.15 0.5
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LSto::hastic dominance conditions for H and MO

lllustration of the conditions for H(X; w, k, Z)

Table 1: Multidimensional headcount ratios

Values of ¢,, 1w, vs wy 2,z HA HE H
Wy wy >wy, w1,y 04 04 035
We we <wy, a1,y 05 0.6 0.5
Wy, wy >w, x,y2 04 04 0.35
Wy Wy S Wy  T1,Y2 1 1 1

Wy T, Yy 1 1 1

Wy wy > w, x,y 04 04 035
Wy wy <w, w1,y 05 0.6 0.5
wy Ty, Yo 1 1 1

wy wy >w, w2,y1 04 04 035
Wy Wy < Wy T2, 1 1 1

Wy + Wy z,yp 03 02 0.2
Wy + Wy zy,y2 04 04 035
Wy + Wy z9,y; 04 04 035




Robustness analysis with the Alkire-Foster measures
LSto::hastic dominance conditions for H and MO

lllustration of the conditions for H(X; w, k, Z): the
cumulative and survival distributions

/) W ooy

FA = 2, 03 04;FB= 2, 02 04:F°= 2, 02 03
2 04 1 m 04 1 w035 1

/) h ¥ hoop

F'= 2, 1 06:F=a 1 06:F =2 1 06

o 06 05 o 06 04 9 065 05
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LOLhcr methods of rank robustness

Why do we need other methods?

Stochastic dominance conditions are useful for evaluating ordinal pairwise
comparisons.

However, these are very stringent conditions, they are not always fulfilled
and they are not (yet) available for many interesting cases.

What can we say about the degree of robustness of a whole ranking of
countries, people, etc. when dominance conditions are not fulfilled for all
possible pairs?

We need other methods to quantify and assess the robustness of the
orderings to changes in the parameters.
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LOLhcr methods of rank robustness

Other methods

In this presentation we will review some of the methods used in the
report by Alkire et al. (2010):

Correlation coefficients for pairs of rankings, e.g. the Gamma
by Goodman and Kruskal, and Spearman’s Rho.

The multiple rank concordance indices, e.g.
Kendall-Friedman, Kendall, Joe.

Percentages of reversed comparisons.

Counting of large changes in the positions.
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LOLhcr methods of rank robustness

The context

There are N countries

The ordering/ranking of the N countries is represented by the
vector:
R=(Ri,Rz,...,Rn)

We assume: Ry < Ry < ... < Ry.

The objective is to analyze the robustness of ranking R for
alternative parameter values.

Maybe the changes are in the weights, w’; poverty lines, Z/;
different thresholds, k’; even the number of dimensions might
change to D’.
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LOLhcr methods of rank robustness

The context

The new ranking under a different specification is denoted by
the vector:

R = (R, R},...,RY)

If R, =R}, for all n=1,..., N then the ordering is completely
robust with respect to the alternative specification.

In general, we want to measure how close two, or more,
rankings, stand from a situation of perfect correlation, or

concordance, and which classified elements may be repsonsible
for any deviation from complete robustness.
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LOLhcr methods of rank robustness

The v of Goodman and Kruskal

v is based on:
The number of concordant pairs (C)
The number of discordant pairs (D)

Concordant and discordant pairs:

A pair n and n is concordant if:

R, > Rs and R, > R;,

The pair is discordant if:
R, > R; but R, < R,
With these concepts, +y is defined as:

_Cc-D
TTCED
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LOLhcr methods of rank robustness

Exploring Gamma

Gamma measures the normalized difference between the total
of concordant pairs and discordant pairs.

Notice that C + D is the total number of comparisons when
there are no ties among the ranks. Since Mj is continuous, we
assume that there are no ties.

The maximum value of 7 is +1 (perfect rank correlation).

R, = R}, for all n.

The minimum value of v is —1 (all pairs are discordant). One
ranking is the exact reverse of the other one.

When the number of concordant pairs is equal to that of
discordant pairs: v = 0.
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LOLhcr methods of rank robustness

Spearman's correlation coefficient

Rho is based on the differences in rankings for every classified
object (e.g. a country) under two specifications.
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Spearman's correlation coefficient

Rho is based on the differences in rankings for every classified
object (e.g. a country) under two specifications.
We define r, = R, — R, foralln=1,... N.
rn is the difference in rankings for country n under two
different ranking criteria.

Thus Rho has the following expression:

p=1- 6ZnN:1 ra
N (N2 —1)

When R, = R!: r, =0 for all n and, in turn, p = +1.
When R, = Ry_,,; forall n: p=—1.
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LOther methods of rank robustness

lllustration: Robustness of weights of the MPI

Table 5: Correlations among MPIs adjusted by Survey

Pair of Rankings Correlation Al Bottom 75 DHS MICS DHS & Non WHS
Compared Coefficient Countries Countries Only Only MICS WHS Only
MPI with 50% weight Spearman 0.957 0.970 0980 0949 0981 0979 0616
Education and MPI with

30% weaght on Health Gamma 0.836 0.854 0885 0.842 0.883 0880 0472
MPIwih 30% weight g 00 0970 0951 0946 0971 0970 0972 0839
Education and MPI with

30% weight on Living Stan. @opim, 0.854 0805 0819 0872 085 0860 0715
MPLwith 30% weight g e 0968 0968 0965 0975 0950 0978 0763
Health and MPI with 50%

weight on Living Stan. Gamma 0.856 0854 0849 0882 0881 0876 0639
Total Number of Observations 104 75 48 35 83 85 19




Robustness analysis with the Alkire-Foster measures

LOther methods of rank robustness

Concordance indices for multiple rankings

Unlike correlation coefficients, these indices provide an evaluation of the degree
of concordance of several rankings at the same time.



Robustness analysis with the Alkire-Foster measures

LOLhcr methods of rank robustness

Concordance indices for multiple rankings

Unlike correlation coefficients, these indices provide an evaluation of the degree
of concordance of several rankings at the same time.

We review three indices for situations where there are not ties (for adjustments
for ties see Seth and Yalonetzky, 2011):



Robustness analysis with the Alkire-Foster measures

LOLhcr methods of rank robustness

Concordance indices for multiple rankings
Unlike correlation coefficients, these indices provide an evaluation of the degree

of concordance of several rankings at the same time.
We review three indices for situations where there are not ties (for adjustments

for ties see Seth and Yalonetzky, 2011):
The index by Kendall-Friedman:

KF = ND2 Z[Z R —

n=1 j=1

N+1)D]



Robustness analysis with the Alkire-Foster measures

LOLhcr methods of rank robustness

Concordance indices for multiple rankings
Unlike correlation coefficients, these indices provide an evaluation of the degree

of concordance of several rankings at the same time.
We review three indices for situations where there are not ties (for adjustments

for ties see Seth and Yalonetzky, 2011):
The index by Kendall-Friedman:

12 : )
KF = e — Do Z[gﬂ_( 2]

The index by Kendall:

12 2 J J N o,
K:N271[ND(D71)ZZZR{’R{’_ ra




Robustness analysis with the Alkire-Foster measures

LOLhcr methods of rank robustness

Concordance indices for multiple rankings
Unlike correlation coefficients, these indices provide an evaluation of the degree

of concordance of several rankings at the same time.
We review three indices for situations where there are not ties (for adjustments

for ties see Seth and Yalonetzky, 2011):
The index by Kendall-Friedman:

N
12 i (N+1)D,,
KF = ——M— RO/
(N2 — 1)ND? HZ:;[; " 2 ]
The index by Kendall:
J J N
12 2 ioi (N+1)
K_N271[ND(D71);Z>:X;R"R" 4 ]
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LOther methods of rank robustness

lllustration: Robustness of weights of MPI

Table 6: Indicators of rank concordance for all Survey Sources

Index Al poms  DHS MG ppgg  Non WHS

Countries Countries Only Only MICS WHS Ouly
KF 0981 0981 0981 0980 0987 0987 0863
K 0975 0974 0973 0973 0985 0983 0817
] 0.983 0974 0.968 0.984 0982 0983 0862
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Other methods: percentage of reversed pairwise
comparisons

If g is the number of pairwise comparisons that, under some criterion, gets
reversed (several criteria can be considered simultaneously):

ogqgw

Then one can compute: p = ﬁ

Notice that:
When p =1 and J = 2 rankings get reversed completely (R, = Ry_p41)-

The maximum effect generated by just one country occurs when it moves
from one extreme of the ranks to the other. If that is the only change
then: p = %
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